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Abstract For any positive integer n and fixed integer t > 1, we define function U;(n) = 
minf{fk: 1'+2°+..-+n'+k=m,n|m, ke N*, t € Nt}, wheren € Nt,me Nt, 
which is a new pseudo Smarandache function. The main purpose of this paper is using the 
elementary method to study the properties of U;(n), and obtain some interesting identities 


involving function U;(n). 
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81. Introduction and results 


In reference [1], A.W.Vyawahare defined the near pseudo Smarandache function K(n) as 
K(n)=m= ae) +k, where k is the small positive integer such that n divides m. Then he 
studied the elementary properties of K(n), and obtained a series interesting results for K(n). 
For example, he proved that K(n) = nies) if n is odd, and K(n) = ner) 
The equation K(n) = n has no positive integer solution. In reference [2], Zhang Yongfeng 


, if n is even; 


studied the calculating problem of an infinite series involving the near pseudo Smarandache 
1 


1 co 
function K(n), and proved that for any real number s > rt the series d Kn) is convergent, 


and 
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= -In2 
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K2(n) 108 27 


n=1 
Yang hai and Fu Ruiqin [3] studied the mean value properties of the near pseudo Smarandache 


function K(n), and obtained two asymptotic formula by using the analytic method. They 


proved that for any real number z > 1, 


» d(k) = S- d Go mn ~) = Vrlogn + Ax +O («3 log” «) ; 


na n<a 
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where A is a computable constant. 


XS ) (x) mn 2) = mat +0 (ai**) : 


n<ux 


where € denotes any fixed positive number. 

In this paper, we define a new near Smarandache function U;(n) = min{k: 1!+2'+.---+ 
nitk=m,n|m,keENt, te Nt}, wheren € Nt+,me Nt. Then we study its elementary 
properties. About this function, it seems that none had studied it yet, at least we have not seen 
such a paper before. In this paper, we using the elementary method to study the calculating 
problem of the infinite series 


= 
> Uz (n)’ 


and give some interesting identities. That is, we shall prove the following: 


Theorem 1. For any real number s > 1, we have the identity 


> aay 76 (2-5): 


where ¢(s) is the Riemann zeta-function. 


Theorem 2. For any real number s > 1, we have 
“1 - 4 1 1 
a 1+ 2-2 ¢2(1-—)(1-=)].- 
Yay ~ 601+ 56 #21 ae) (tw) 
Theorem 3. For any real number s > 1, we also have 


(2) 


, ¢(4) = me from our theorems we may 


a 
2 TRG ~ 


Taking s = 2, 4, and note that ¢(2) = 
immediately deduce the following: 


Corollary. Let U;(n) defined as the above, then we have the identities 


Se AL = 2111 
Ye me ae = 
U2(n) 24 U3(n) 5400 


n=1 


> 1 2310671 4. > 1 481 4 


Us(n) 72900000" * 


n=1 
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§2. Some lemmas 


To complete the proof of the theorems, we need the following several lemmas. 


Lemma 1. For any positive integer n, we have 


Proof. See reference [1]. 


if 2|n, 
, if 2tn. 


Lemma 2. For any positive integer n, we also have 


5 


a” if n=0O(mod 6), 
n, if n=I1(mod6) or n=5(mod 6), 
U2(n) = n 
oe if n=2(mod 6) or n=4(mod 6), 
- if n=3(mod 6). 
Proof. It is clear that 
Ua(n) = min{k:17+2?+-.-+n?+k=m,n|m,ke Nt} 
1)(2 1 
= min{k: et nA ae + k =0(mod n),k € N*}. 


(1) If n = 0(mod 6), then we have n = 6hi(hi = 1,2---), 


6 7 6 
= 72h} +18hi+hi, 
1) 1 5 
so n | nee en) + U2(n) if and only if 6hy | hy + U2(n), then Ug(n) = a 


(2) If n = 1(mod 6), then we have n = 6h2 + 1(he = 0,1,2---), 


n(n + 1)(2n +1) (6h + 1)(6h2 + 2)(12h2 +3) 


6 


1)(2 1 
because 1 | napa eid) 


U2(n) =n. 


6 o] 


n | 


6 


12h3(6ha +1) + Tho(6he + 1) + 6ho +1, 
n(n + 1)(2n + 1) 


6 


+ Ug(n) if and only if n | Ug(n), then 


If n = 5(mod 6), then we have n = 6hg + 5( hg = 0,1,2---), 


n(n + 1)(2n+4+ 1) 


(6h +5)(6ho 4 


+ 6) (12h2 + 11) 


6 


n(n + 1)(2n + 1) 


o] 


because 7 | 
U2z(n) =n. 


12h3(6h2 +5) 4 


6 


+ 23h2(6he + 5) + 11(6he + 5), 


n | 


n(n + 1)(2n+ 


1) 


6 


+ U9(n) if and only if n | Ug(n), then 


(3) If n = 2(mod 6), then we have n = 6h2 + 2( he = 0,1,2---), 
(6h + 2)(6h2 + 3)(12h2 + 5) 


n(n + 1)(2n + 1) 


6 


6 


12h3(6h2 + 2) + 11h2(6he + 2) + 2(6h2 + 2) + 3h2 +1, 
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n(n + 1)(2n + 1) 


so n | + Up(n) if and only if 6h2 + 2 | 3h2 + 1+ U2(n), then Ug(n) = 
If n = 4(mod 6), then we have n = 6h2 + 4( hg = 0,1,2---), 
n(n+1)(2n+1) _ (6hg +4)(6hy + 5)(12hy + 9) 
6 ~ 6 
12h5(6h2 + 4) + 19h2(6h2 + 4) + 7(6h2 +4) + 3h2 +8, 


n(n + 1)(2n + 1) 


so n | + Ua(n) if and only if 2(3h2 + 2) | 3h2 + 2+ Uo(n), then Uo(n) = a 
(4) If n = 3(mod 6), then we have n = 6h2 + 3( he = 0,1,2---), 
n(nt1)(Q2n+1) — (6h2 +3)(6hz + 4)(12h2 +7) 
6 7 6 
= 12h3(6h2 + 3) + 15ho(6h2 + 3) + 4(6h2 +3) + 4he + 2, 


n(n + 1)(2n + 1) 


so n.| + U(n) if and only if 3(2h2 + 1) | 2(2h2 + 2) + U2(n), then Ug(n) = . 
Combining (1), (2), (3) and (4) we may immediately deduce Lemma 2. 
Lemma 3. For any positive integer n, we have 
~, if n=2(mod 4), 
Us(n) = 4 2 ( ) 
n, otherwise. 


Proof. From the definition of U3(n) we have 


Us(n) = minfk:1°+2?+---+n?+k=m,n|m,k e Nt} 
2 1 2 
= minfk:” ne "+ = O(mod n),k € N*}. 
(a) If n = 2(mod 4), then we have n = 4h; + 2(hy =0,1,2---), 
2 +1 2 
(n+ D" = (4h, + 2)3(2hy + 1) + (Ay +.2)2(2hy +1) + (2h + D2, 
n?(n+1)? 


if and only if 2(2h, +1) | (2h1 +1)? + Us(n), then U3(n) =~. 


so 
n | 5 


(b) Ifnm = 0(mod 4), then we have n = 4ho(hg = 1,2---), 


2 1 2 
mini = 4h2 (Ah + 1), 
2 1 2 
so n | aU + U3(n) if and only if n | U3(n), then U3(n) = n. 


If n = 1(mod 4), then we have n = 4h; + 1( hi = 0,1,2---), 


2 +1 2 
mins iy = (4hy + 1)?(2h, +1)”, 
2 1 2 
so n | eae + U3(n) if and only if n | U3(n), then U3(n) = n. 


If n = 3(mod 4), then we have n = 4h; + 3( hi = 0,1,2---), 


2 1 2 
minty = A(Ahy + 3)?(hi +1)”, 
2 2 
uso 7 | cea) + U3(n) if and only if n | U3(n), then U3(n) = n. 


Now Lemma 3 follows from (a) and (b). 
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§3. Proof of the theorems 


In this section, we shall use the elementary methods to complete the proof of the theorems. 


First we prove Theorem 1. For any real number s > 1, from Lemma 1 we have 


a aa a “1 oe 1 1 

s = nye 3 aa -=6(9) (2-5), 

Lom Get dw Lat doen 
n=2h n=2h4+1 


where ¢(s) is the Riemann zeta-function. This proves Theorem 1. 


For ¢ = 2 and real number s > 1, from Lemma 2 we have 


=. ol i 4 li = 1 aa 1 ae 
s = 5n\$ + ne a n\s + n\§s ae ns 
2 TFG) Xu () > " »y (3) 22 (3) Xu ie 
n=6h, n=6h2+1 n=6h2+2 n=6h2+4 n=6h2+5 
= + ——— + SS 
a 
aa i = 1 
a (3ho +2)* | = (6h2 +5)§ 
= LQ = 
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This completes the proof of Theorem 2. 
If t = 8, then for any real number s > 1, from Lemma 3 we have 


“1 “1 ae ~ 1 “1 
Sag - Sa+ Ode Ge YG 
n= ho=1 hi=0 hi=0 2 hi=0 
n=4h2 n=4h,4+1 n=4h,+2 n=4h14+3 
ob ~ 1 ~ i = 1 
= + + S\° ——__ + 
2 Gay * 2 Gite + 2 Gti * 2 Ga 


This completes the proof of Theorem 3. 
Open Problem. For any integer t > 3 and real number s > 1, whether there exists a 


calculating formula for the Dirichlet series 


> 


n=1 


? 


U?(n) 


This is an open problem. 
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